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i) If S c E is finite with B(S, /2) = E, then K(S) is a finite set in K(E) with B(K(S), ?) = K(E), so that K(E) is totally bounded.
(ii) If (Kn) is a Cauchy sequence with 6(Kn, Kn I) < 2--, then K = nn B(Kn, 2n) is the limit of the sequence (Kn) so that K(E) is complete. This proves FACT 
K(E) is a compact metric space for the Hausdorff metric 6.
The topology can also be described easily: FACT 
. and Kr VnP 0} form a basis for K(E). (ii) If D is dense in E, K<,(D) = {finite subsets of D} is dense in K(E). FACT 3. (i) For L E K(E), K(L) is closed and K(E\L) is open. (ii) u: K(E) x K(E) -+ K(E) is continuous, but r) is generally not. More generally, if K(K(E)) is given the Hausdorff topology too, then U: K(K(E)) -+ K(E) is continuous (where for L E K(K(E)), we put UL = U {K: K E L}, which is easily in K(E).) (iii) {.}: E -+ K(E) is an isometry, and E and c are closed relations. (iv) If f: E -+ F is continuous, so is f ": K(E) K(F). Note that if E is perfect, K(E)\{0}
is perfect too, but 0 is always isolated in K(E). Also, if E is dim 0 (i.e. has a basis of clopen sets), so is K(E). In fact for E = 20), K(E) is homeomorphic to a compact subspace of 2Seq , (where Seq wO = o0<'), via the usual map which to K e K(E) associates its canonical tree T(K) = {s e Seq wo: 3a c K(s c )}. We want to study the possible complexities of a-ideals of closed sets. These will be measured by their descriptive Wadge class.
DEFINITION. Let I be a subset of K(E). I is hereditary (among closed sets) if L e I and K e K(E), K c L K e I. I is an ideal (of closed sets) if I is hereditary and closed under finite unions. I is a a-ideal (of closed sets) if I is hereditary

Recall that a class (or pointclass) is a family of sets (in Polish spaces) closed under preimages by continuous functions. If A is a set, its Wadge class F(A) is the class generated by A, i.e. the family of continuous preimages of A. Given a class F, we say that A is F-hard if every subset B of 20 in F is a continuous preimage of A, and that A is F-complete if A is F-hard and A E F. Finally A is a true F-set if A E F but A 0 F, the dual class of F, consisting of all complements of sets in F.
We want to compute all F(I), I a a-ideal of closed sets in some K(E), E compact metric. Within the class V u H1 , this is given by THEOREM 
(Kechris, Louveau and Woodin [23]). Let I c K(E) be a 6-ideal in Iu HI. Then one of the following holds: (i) I is H'-complete. (ii) I is H1?-complete. (iii) I is D2-complete, where D2 is the class of differences of two closed sets. (iv) I is H7-complete. (v) I is 2o-complete. (vi) I is AO, i.e. clopen. Moreover, if I is not an oo-ideal, i.e. is not of form K(A), then only (i) or (ii) can occur (the dichotomy theorem).
The main consequence of this result is that HI 6-ideals fall into one of two categories: the simple ones (Hg), and the complicated ones (HI-complete).
Examples of "simple" (Hg) 6-ideals include K(A) for A Ec HO; Im; I/; I4; Iuh; IH for H in t; some J.'s and JH's.
Examples of "complicated" (H -complete) 6-ideals include K(A) for A E HI, A 1 H; K.0(2)); some IH's. J.'s and JHs; Uand UO;Isep;Ic.
The proof of the theorem needs four steps:
(1) To exhibit 6-ideals (in fact co-ideals) complete in each class. (2) To prove "Hurewicz-type" results which will reduce any H1 6-ideal to one of the six examples.
(3) To prove that any A a v-ideal is an so-ideal. (4) To prove that any a v-ideal is Ho. We will concentrate on (1) and (2). Let us just say that (3) can be improved to show that any AO ideal is an ce-ideal, and also any Ho-ideal is a a-ideal. And (4) uses ideas of Christensen and Saint-Raymond, who proved that every 0 so-ideal is H70.
Step [One could write also three results for Ho, Z:0, and A Obut they are trivial, and of no use.] COROLLARY 6. Let I be a HI 6-ideal in K(E). A good example of such a c-ideal is KJ(E), the c-ideal of countable closed subsets of E, when E is uncountable.
[One can see it is HI-complete as follows. First we can assume E = 2', as 2W continuously embeds in E. Now K,(2W) is dense in K(2W), as is the set P of perfect compact sets. But easily P is Ho, and P rn K,(2W) = {0}, so by the Baire Category Although it is complicated, KJ(E) has two nice properties: (i) There is a simple (in fact Ho) family of sets which generates it as a c-ideal, the family of singletons.
(ii) One can define a derivation associated to it, the Cantor-Bendixson derivation, obtained by removing from a compact set K its isolated points. Iterating the process transfinitely, one reaches at a countable step the perfect kernel of K. And K is countable iff the perfect kernel is empty. So one gets a "semi-Borel" test for membership in KJ(E). This is the situation we want to study in general. 
Now by definition of f(p), h(p) c Kf (P). So if p < r in R, one has h(r) = n dB(h(q)) ' dB(h(p)) ' dB(K (P)) = KB(P) + q<r qeR and hence f(p) + 1 < f(r). This shows that f is strictly increasing on R. hence R e WO. And by induction on R. one must have h(p) = Klh(P'R) $ 0 for all p e R. so lh(R) < rkB(K). The proof of (c) is a bit easier. Define T(R, L) < 3h e K(E)(Q [h(O) = L A Vp e R, p > O h(p) = ndh(q))
A 3p e R(dB(h(p)) = 0)1. The conclusion of Theorem 6 is extremely strong. In fact among our examples of v-ideals, the only ones for which it is known to hold are K,,(E) and, as we will see later, U0. PROOF. This lemma follows from elementary calculations using Toeplitz's theorem on regular summability methods. It is easy to see that for universally measurable P, P E 1 => P E to. So for such sets we have countable i 1 i to i Lebesgue measure 0.
Again T is z and (c) follows from the equivalence R e WO A (L 0 I v lh(R) < rkB(L)) < R e WO A -T(R, L).
Direction =. Assume R e WO but T(R, L). Then if h witnesses it, one easily proves by induction on R that h(p) = LB (PR) So there is a p eRwithL(PR)+l
Direction . Assume R E WO, but L E I and rkB(L) < lh(R). Then h defined by
(1) (for actually closed sets) is due to Piatetski-Shapiro [32] .
(2) (for actually closed sets) is due to Menshov (1916). Put also U0 := to r-K(T) and Mo := o0 r-K(T). (Thus KJT(I) i U i U0 i Is
The following are also equivalent formulations of the notion of (Borel) Wo-set (or rather Mo-set). PROPOSITION One cannot characterize when a closed (or perfect) set E is in U or M (resp. U0 or MO) in terms of structural properties of E which are "explicit" enough to be expressed in terms of countable operations given any reasonable description of E, for example its sequence of contiguous intervals.
Where is the dividing line between "explicit characterizability" and the lack of it? (1) E,: "characterizable", Lecture VII. The structure of the a-ideals U and U0: Part 1. We will discuss here the basic definability and structural properties of the a-ideals U and U0.
We start with the structural property we called calibration, an inner regularity property of a-ideals. Recall that a a-ideal I of closed sets is calibrated iff for any closed set E and sequence E, e I, if all closed subsets of E\ U,, E, are in I, so is E.
As we have seen in the first four lectures, this property plays an important role in the structure theory of v-ideals of closed sets.
Since U0 is the class of null sets for a class of measures, it follows by the inner regularity of measures that U0 is calibrated. We establish now the same fact for U. Thus we see that a positive answer to the interior problem implies a positive answer to the union problem for V sets.
We now discuss definability properties of the c-ideals U and U0.
First, as U and U0 are HI sets, they admit HI-ranks. We look for canonical ones.
Piatetski-Shapiro has defined a canonical rank for U-sets as follows: Then E e U' -(E) > 0.
Piatetski-Shapiro used [E]ps to prove a decomposition theorem of the form:
Every E E U can be written as E = U,, En, where En are U-sets of some "simpler" type. In fact these En are almost -but not quite!-U'-sets. Can they actually be U'-sets? Every U-set known until recently had this property, but we will see later that the answer is in general negative. We turn now to the question of a canonical HI-rank on U0. Such a rank was first found by Kechris Then if yu is a weak*-limit of a subsequence of the NUk'S, jI is in PF and a probability measure supported by E.
In conclusion, we have seen that both U and U0 have canonical HI-ranks. This gives for each one of them a canonical hierarchy consisting of w-)1 distinct levels. The sets U' and U'0 of rank 1 receive particular attention because of their "simplicity" and because most explicit examples belong there. The class U'0 forms a Borel basis for U0, but as we will see in the next lecture the class U' does not form a Borel basis for U.
One can also use these HI-ranks to show that U and U0 are even "locally" non-Borel. THEOREM If I is a a-ideal in K(E) with basis B and I is calibrated, while for each nonempty portion E' = E r-V of E we have B r-K(E') # I r-K(E'), then every dense Go of E is not in 'int.
Applying this to I = K(E) r-U, which we already know is calibrated, we see that if it had a Borel basis B, then B r-K(E') : I r-K(E'), as I r-K(E') is not Borel (by Theorem 7 of Lecture VII) while B r-K(E') is, so every dense Go in E is not in Uj, So it is enough to show that there is a dense G. set G in E which is in Uj. This can be done as E is "almost" a U-set. To construct G, fix a dense sequence {xp} in E. For P E HI, P E %o we know that P is of the first category, but one cannot . Let P be the set of nonnormal, say in base 10, numbers. Thus, by Borel's theorem, P has Lebesgue measure 0. However, P E Mo. For the proof, it is easy to check that P is comeager.
We conclude with a summary of further developments concerning descriptive set theory and harmonic analysis:
( 
